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Exercise 3E
1 a z'-1=0
zt =1

z* =cos0+isin0

(r(cos@ +isin@))’ =cos(0+2kn)+isin(0+24n), k € Z

Using De Moivre’s theorem gives: r* (cos 40 +isin46) = cos (0 +2kn) +isin (0+2kn), k € Z
Comparing the modulus on both sides gives:

r=1

Comparing the argument on both sides gives:
2kn =40 = kn =20

When k= 0:

0=20=60=0 so z,=cos0+isin0=1

When k= 1:

7=20=0="Cso z, ZCOS(EJ-FiSin(Ej:i
2 2 2

When k =2:

2n=20=60=m so z, =cosm+isinm=—1

When k = 3:

3n:29:>9:3_n SO z; =CO0S 3 +1sin 3 =-i
2 2 2

Soz=1,z=-1,z=1o0orz=-1

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 2 Solution Bank @ Pearson

1b z2-i=0
z2 =i
Modulus =1

Argument :g

So 2> =cos| = |+isin| =
2 2

(r(cos@Jrisiné?))3 =cos(g+2knj+isin(g+2lm], keZ

r3(cos39+isin30)=cos(g+2kﬂ:j+isin(g+2knj, keZ

Comparing the modulus on both sides gives:
r=1
Comparing the argument on both sides gives:

g+2kn:30:n+4kn:60:>9:n+4kn
When k£ = 0:

) .. (m® 3 1.

o=" SO z, =COS +isin| — [=—+—1

7 50 7, =cos{  Jeisin( £]=01+3
When k= 1:

( nj . (571) NCERE
0—— SO z, =COS| — [+1sin| — |=———+—1
6 6 2 2

Whenk 2:
3n (375] .
9——50 Z, =COS +1sin 5 =-1
NS NE) .
So z=—+—1, z=—+ —1 orz=-1
2 2 2 2
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1 ¢ 22=27
2> =27(cos0+isin0)
(r(cos@ +isin@))’ =27(cos(0+2kn) +isin(0+24n)), k € Z
Using De Moivre’s theorem gives: ° (cos 30 +isin36) = 27(cos(O+ 2km)+isin(0+ 2k7r)), kel

Comparing the modulus on both sides gives:

r=3

Comparing the argument on both sides gives:

2kn =30 = 0:%

When k = 0:

0 =0 so z, =3(cos0+isin0)=3

When k= 1:

0:2_7t s0 z,=3 cos[z—nj+isin(2—nj =3 —l+—3i
3 3 3 2 2

When k = 2:

0:4_71 s0 z,=3 cos[ﬂjﬁsin(ﬂj =3 —l——3i
3 3 3 2 2

3 33 3 33,

Soz=3, z=——+——iorz=————-—1i
2 2 2
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1d z'+64=0
zt=—64
Therefore:
z>=8iorz>=-8i
When z2 = 8i:

(r(cos 6 +1sin 9))2 = S(COS (ng 2k7tj +1sin (g+ 2knD

Using De Moivre’s theorem gives: r* (cos 260 +isin 26) =8 (cos (% + 2k7t) +isin [g + 2knj]

Comparing the modulus on both sides gives:
rr=8=r=212
Comparing the argument on both sides gives:

29:§+2kn:>9=”4k“

When k£ = 0:

0=""so zl=2\/§ cos| = |+isin| = | [=2+2i
4 4 4

When k= 1:

0=5_n SO 22:2\/5 cos(s—nJHsin(s—nJ =-2-2i
4 4 4

When z2 = —8i:

(r(cos«9+isin «9))2 = 8(005 (37%+ 2k7tj +isin (3?“+ anD
Using De Moivre’s theorem gives: r* (cos 20 +isin 26) =8 (cos (37“ + 2knj +isin (3?% + 2knD

Comparing the modulus on both sides gives:
rr=8=r=242
Comparing the argument on both sides gives:

29:%’2@@:9;@

When k£ = 0:

0:3—n SO z3=2\/§ 005(3—RJ+isin(3—nj =-2+2i
4 4 4

When k= 1:

0:7_n SO z4:2\/§ cos In +isin In =2-2i
4 4 4

Soz=2+421,z=-2-21,z=-2+21ior z=2-2i
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1 e z'+4
zt=—4
z2=2ior zZ =-2i
When z% = 2i:

(r(cos¢9+isin 9))2 = 2[cos (§+ 2kn} +isin (§+ 2knD
Using De Moivre’s theorem gives: r* (cos 26 +isin 26) = 2(005 (g + 2knj +isin (g + 2knD

Comparing the modulus on both sides gives:
P =2=r=42
Comparing the argument on both sides gives:

29:%2@:9:“‘”‘“

When k= 0:

0="so ZIZ\/E cos| = |+isin| = | |=1+i
4 4 4

When k= 1:

0:5_7: SO 22=\/§ cos on +1sin on =-1-1
4 4 4

When z? = —2i:

(r(cos@ +ising)) = 2(c0s(%t+2knj+isin(37n+2knjj
. . , . 2 .. 3n . 3n
Using De Moivre’s theorem gives: r* (cos 20 +isin 26) = 2| cos 7+ 2km |+isin 7+ 2kn

Comparing the modulus on both sides gives:

P =2=r=2

Comparing the argument on both sides gives:
3n 3n+4kn

20 = 7—1— 2kn=>0=——

When k= 0:

9:3_1r SO z, =/2| cos 3 +isin L =-1+1
4 4 4

When k£ = 1:

9:7_n SO ZZ=\/§ COS(EJ+isin(7—nj =1-1
4 4 4

Soz=1+1, z=-1-1, z=—1+10or z=1-1
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1 f 2248i=0
2 =-8i

(r(cos 6 +1sin 49))3 = 8[005 [377{+ 2knj +1sin (%jt ZkEJJ

Using De Moivre’s theorem gives: r* (cos 30 +isin36) = 8(003 (37“ + 2/(71:] +isin (37“ + 2k7tD

Comparing the modulus on both sides gives:
rP=8=r=2
Comparing the argument on both sides gives:

36?:37“+21m:>49=M

When k£ = 0:

0="so z, =2 cos(EJHsin(Ej =2i
2 2 2

When k= 1:

9:7_11: S0 z, =2 cos(7—nj+isin[7—nj =—f3-i
6 6 6

When k= 2:

11n 11w 11xn
0=— s0 z,=2| cos| — |+isin| — =\/§—i
6 } ( ( 6 ] ( 6 D

So z=2i, z:\/g—i,or z:—\/g—i
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2 a 7z =1
Modulus = 1
Argument =0

(r(cosé?+isin6?))7 =cos(0+2kn)+isin(0+2kn), ke Z
Using De Moivre’s theorem gives: ’ (cos 70 +isin 70) = cos (0+ 2kn ) +isin (0 +2kn), k € Z

Comparing the modulus on both sides gives:

r=I1
Comparing the argument on both sides gives:
70 =2kn = 0:¥
When £ =0:
0=0 so z,=cos0+isin0
When k£ = 1:
21 (2nj .. 2nJ
0 =— so z; =cos| — |+isin| —
7 7 7
When k= 2:
47 (4nj .. (47:)
@ =— 80 z, =cos| — |+isin| —
7 7 7
When k=3
67 6m 6m
0 =— so z; =cos| — |+isin| —
7 7 7
When k=4
8n

When k= 5:
10w (lOnj .
6 =—— s0 z, =cos| —— |+isin
7 7

When k= 6:

( 7
12% (1271) . (127:) ( 2n) .. ( 2nj
9:— SO Z6 =CO0S| — |+1Sin| — |=CcoS| —— |+1Ssmn| ——
7 7 7 7 7
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2 b z'+16i=0
zt=—16i
Modulus = 16

Argument = —

(r(cos6’+isin 6?))4 = 16(005[37“:+2knj+isin(37n+2kn]j, kel
Using De Moivre’s theorem gives
»* (cos49+isin40) = 16(cos(3§+2knJ+isin(37n+ anD, keZ

Comparing the modulus on both sides gives:
r=2
Comparing the argument on both sides gives:

49:37”+2kn:>0=3“+4k”

When k£ = 0:

J

When k= 1:
9_7_n S0 z, = 2| cos (7—n +1sm( J
8 8
When k = 2:
11xn Sty .. 5n
0 =——50 z, =2| cos| —— |+1sin| ——
8 ( ( 8) ( 8D
When k= 3:
0:15_7150 z,=2 cos( Ejﬂsm( nj
8 8 8
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2 ¢ 22+32=0
2’ =-32
Modulus = 32
Argument =n

(r(cosé?+isin6’))5 = 32(cos(n+2kn)+isin(n+2kn)), keZ
Using De Moivre’s theorem gives: ° (cos 56 +isin 50) = 32<cos(n +2km) +isin (7 + 2kn)), kel

Comparing the modulus on both sides gives:

r=32=r=2
Comparing the argument on both sides gives:
59 =n+2km= 0= "2
When £ =0:
0="1so zy=2 COS(£J+iSin(£j

5 5 5
When k£ = 1:
9:3—n S0 z, =2 cos(ﬁ)ﬂsinf—nj

5 5 5
When k= 2:
O=n so z, =2(cosm+isinn)
When £ =—1:
0=——5s0 z, :2[cos(—%j+isin[——jj
When k£ =-2:

9:—3—n S0 z,=2 cos(—3—n)+isin[—3—nj
5 5 5
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2.d Z2=2+2
Modulus = v/22 +22 =22
T
areument = —
S 4

(r(cos¢9+isin9)) = 2\/_(cos( +2knj+isin(%+2knjj, keZ
Using De Moivre’s theorem gives:
P (cos 30 +isin30) = 2\/§(cos (% + 2k7tj +isin (% + 2k7tj] ,keZ

Comparing the modulus on both sides gives:

P =23 o r=2

Comparing the argument on both sides gives:

30 =" 4 2k = g = BT
4 12
When k= 0:
0="so Z, = J+1s1n(nJ
12 12
When k= 1:

e 2
L afufe(z)

When k=-1:

9=_7_n SO zl=\/§ cos Iz +1sin _Im
12 12 12
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2 e Z*+2i3=2

2 =2-2i3

Modulus = ,/2 +( 2\/5

argument = tan™' 2

( cos@+isinf )4 —4[cos[——+2kn}+1sm(—§+2kn)j, kel
Using De Moivre’s theorem gives:
r (Cos 40 +1isin 40) = 4(cos(—§+ 2kn] +isin£—§+ ZImD, keZ

Comparing the modulus on both sides gives:

P=d=r=2
Comparing the argument on both sides gives:

40 =T 4 2k = g = 1Ok
3 12
When k= 0:
0=—""so Z, =2 cos(—l}risin(—lj
12 12 12
When k= 1:
6 =— so z, :\/E(COSG—;)Hsin(—D
When k =2:
6?—ﬁ SO z, = V2 cos(ﬁjﬁsin(ﬁj
12 12 12
When k= —1:

T n .. n
0=——5s0 :x/i cos| —— |+1sin| ——
2o [ ( 12j ( 12D
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2 f

2 +324/3+32i=0
22 =323 -32i

Solution Bank

Modulus = =\/(—32J§)2 +(-32)" =64

Argument = —x +tan”' ( 32 ] =

3243

(r(cos0+isin6’))3 :64(cos(—5?n+2kn)+isin(—5?n+2knn, keZ( )

5w

6

Using De Moivre’s theorem gives:

r (00539+isin36’) = 64[005[—5{+2knj+isin(—5?n+2kn]j, keZ

Comparing the modulus on both sides gives:

P=64=>r=4

Comparing the argument on both sides gives:
Sn —Sn+12kn

30=-242kn=0=
6 18

When k£ = 0:

9:—2—n so z, =4 cos(—s—njﬂsin(—s—n]
9 18 18

When k= 1:

19:4—n so z, =4/ cos Tn +1sin In
9 18 18

When k=—1:

8n 177:) . ( 177:)
0=—— s0 z_, =4| cos| ———— |+isin| ———
9 18 18

4 =344

Modulus = =+/3* +4* =5

Argument = tan™' (%) =0.927...

(rei9 )4 _ 5(0927..42km)

i 0.927..42k
piehit = 5gl092T2m)

rf=5=r=
40=0.927...+ 2kn

When £ = 0:

0=0231...,s0 z; =5"%"*
When k= 1:

0=1.802...,s0 z, = 5025 51.80i
When k=-1:

0=-1.338...,50 z, =5"7e "
When £k =-2:

0=-2.909...,s0 z, =5"7"

0.25
5
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3 b 2 =+1-4i
Modulus = (\/ﬁ)z +(—4)2 =33
4
Argument = tan”' | ——— |=-0.878...
: ( m]
(reia )3 = 3430878 24m)
Fedif = 3\/56(—0.878...+2kn)

r3:3\/§:>r:\/§

30 =-0.878...4+ 2kn

When k= 0:

0=-0.292...,50 z, = \/gefO.zm
When k= 1;

6=1.801..., 50 z, =/3¢"™"
When k=—1:

0=-2.387..,50 z, = NS

¢ z'=—J7+3i

Modulus = =,[(—\/7)2 +32 =4

3
Argument = t—tan”' (—j =2.293...
J7

(reie )4 — 4e(2293-424)

4 4i0 —46(2‘293"*2]{“)

r'e

r=d=r=\2

40 =2.293...+2kn

When k= 0:

6=0.573..., 50 z, = /2e"""
When k= 1:

6=2.144..., 50 z, =/2¢*"*
When £ =—1:

6=-0.997..., 50 z, =[2¢""
When k£ =-2:

9 = _2568, So z, = \/5672'57i
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4 a (z+1)3
(z+1) ( 0
(z+1) =(-1) =0
((z+1)=(-D)((z+1) +(~1)(z+1)+(-1)’ | =0
(z+2)((22 +2z+1)+(=z=1)+1)=0
(z+2)(z +z+l) 0

N

z+ ) 0 has the solution z=—2

z? + z+1=0 has solutions;

_—1x1-4(1)(1)

z

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.

14



INTERNATIONAL A LEVEL

Further Pure Maths 2 Solution Bank @ Pearson

4 ¢ The points (-2,0), [_E’_J and (—%,—?J lie on a circle.

Substituting these values into the general form of a circle (x— a)2 +(y— b)2 = r* gives:
For (-2,0):
(—2—a)2 +(O—b)2 =

4+4a+a’ +b* =71’
a’+b*+4a+4=r 6))

1 2 3 2 2
—ta+at+=-Bb+b =r
4 4

& +b +a-Bb+1=r Q2)

%+a+a2 +%+\/§b+b2 =7

A+ +a+3b+1=1r 3)
Subtracting (3) from (2) gives:
2\3b=0=b=0

Substituting b = 0 into (1) gives:
a’+da+4=r° )]
Substituting b = 0 into (3) gives:
a+a+1=r 5)

Subtracting (5) from (4) gives:
3a+3=0=a=-1

Substituting a = —1 into (5) gives:

r=l=r=1

Therefore the circle has centre (—1,0) and radius 1
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5 a

6 a

z22—-1=0

2 =1
Modulus = 1
Argument =0

(r(cos @ +isin 49))5

Solution Bank

= (cos (0+2km ) +isin(0+2kn)), k e Z

r* (cos 50 +isin 50) = (cos(2km) +isin (2kn)), k € Z

r=1=r=1

50:2kn:6:¥
When k£ = 0:
z, =1
When k= 1:
(5 Jrisnl 2]
Z, =CO0S +isin| —
5 5
When k= 2:
(5 Jrisnl )
Z3:COS +ISI e
5 5
When k=-1:
5 (%)
z, =CO0s +isin| ——
5
When k=-2:
o
Z, =C08| —— |+isin| ——
5 o)

zZ vz, +zy+z,+2,=0

o3 2
(

:
1+cos( j+1sm[ j+ j+1s1 ( s
1+cos( j+cos[ j ( 4n

i)
5
1+2cos(2 j+200s(4nj—0
5 5
2n 47 1 .
cos| — |+ cos| — |=—— as required.
el

—2-2i3
Modulus = \/(—2)2 + (—2\/5)2 -
2n

Argument=—m + tan ™' (%J = —?

v

+isin| —
j 5
47

o &
m|:] m|:|

m|gf

(2wl oe( ol
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6 b z*+2+2i3=0
2 =-2-2i3

(rei‘g )4 = 46(727“”]{“]

9——— SO z, = \/767g
6
When k= 1:
49—— SO z, = \/—ef‘
3
When k =2:
0—5— SO z; = \/_e
6
When k£ =-1:
2n 2
9:—?,50 z4:\/§e 3

Im A

E.
oo A2e
\\
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7 2 =2(1-i\3)

Modulus = 22+(—2\/§> =4

8]

Argument = tan”' (—\/5 ) =-_I
3
(Feig )4 = 4e(_§+mj
Fledit _ 46("§+2k")
F=d=r=2
40 = —§+ 2k
When k£ = 0:
9=—%, s0 2, =2
When k= 1:
Sxm.
Hzf—;t, 50 z, =~/2¢"
When k£ = 2:
11=n %i
0= TR SO z, = J2e
When k=-1:
Tn I
9:—_’ SO Z4 =\/§e 12
12
Im A sn.
JU \\/ECIZ

SIE]

=1
)
=]
- =~
/’ ~
e
/
’
/
Y]
1 SIE
SIE)
-
-
_ -
A
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8 a Z:\/€+i\/5

b :(\/6+i\/§)4

— 324 323i
Since w*=z*

w' = -32+324/3i
Modulus = \/(—32)2 +(3243) =64

Argument = m—tan™' (3—
(rei‘9 )3 = 646(273“”]{“]

N e
r'e’” =64e

rP=64=r=4

When k= 0:

271 %“i
0=—,s0 w,=4e

9
When k= 1:

87 Sfi
0=—,s0 w,=4e

9
When k= —1:

4n An

H:—?,so w, =4e ’
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9 a l+z+z2+2+2'+22+2°+2" =0
(1-2")
——==0
-z
Z-1=0=2"=1
z* =1(cos0+isin0)
(r(cos0+isin0))8 :1(cos(0+2kn)+isin(0+2kn)), keZ
Using De Moivre’s theorem gives:
r* (cos86 +isin8) =1(cos(0+ 2km)+isin (0+2kn)), k € Z
Comparing modulus:
r=l=r=1

Comparing argument:

80:2kn:>0:%

Whenk=0: 0=0=z =cosO+isin0=1=z =1

Whenk=1: 0=" =z =cos| = |+isin| = :>22:£+—i
4 4 4 2

When k = 2: 9=2223:cos I ltisin| Z =z, =1
2 2 2

When k = 3: 9:3—n:>z4:cos 3 +1sin 3 :>z4:—£+—i
4 4 4 2

Whenk=4: 0 =n= z, =cosn+isinnt = z, = -1

When k£ = 5: st—nzzé:cos(S—nj—i-isin Slj:zéz—ﬁ—ﬂi
4 4 4 2 2

When k& = 6: 0:3—n:>z7:cos 3_7t +1sin 3—“ =z, =-1
2 2 2

When k= 17: 9:7—n:>28=cos I +isin Iz jzgzﬁ—ﬁi
4 4 4 2 2

b Expressing as a product of the factors:

(z+1)(2—1)(2—i)(z+i)(z—g—ﬁiJ(z——2+—2iJ(z+£+£i](2+£—£i

= (z2 —1)(22 +1)(z2 —\/§Z+l)(22 +\/§Z+1)
= (Z2 —1)(22 +1)(z4 +1)

So (22 +1)and (24 +1) are factors
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Challenge

a z’=1
Modulus =1
Argument =0
(reie )6 — o(0+2k)

6 _6i0 2kn
ree’ =e

rP=1=r=1

66?=2k7t:>0:%

When k= 0:
0=0,s0 z, =1
When k= 1:

.

7T —1
f=—,s0 z,=¢?

When k= 2:
27,

9:2?“,50 z,=e?

When k£ = 3:
0=m,s0 z, =¢e"
When k=—1:

T
—=i

T
O0=——,s0 z,=e *
3

When k= —-2:
27,

2
9=—?n,so z,=¢ 3
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b (Z+1)6 =z° :(Z—Hjé =1

z
From part a
z+1 %i z+1 k.
=e¢’ = =CcOoS—+isin—

z z 3 3
z+1=z| cos—+isin—

3 3

1
Z:

kn .. knm
cos— +isin— —1
3 3

1 (cos—lj—zsm
N k[ km .
cos— —1 |+isin— | cos——1|—isin—
3 3
cos— —1|—isin—
_ 3 3
( kn T L, kn
cos——1| +sin” —
3 3
cos——1|—isin—
_ 3
coszk37t—2coskn+l+sin2
cos— —1 |—isin—
_ 3
2—200sk—n
3

kn
cos——1
3

. km km
2sin—cos—
6 6

1—2sin2@—1
6

Zsin@cos—
6 6

~2sin’ fm
6

= —l—llCOtﬁgk :0913293’4’5
2 2 6
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